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“Anyone who is not shocked by
quantum mechanics has not

understood it”
— Niels Bohr
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Quantum Mechanics is a probabilistic theory

Classical mechanics: a particle has a definite position x and a definite
momentum p

Quantum mechanics: a particle is located at x with probability Py(x)
and has momentum p with probability P,(p)

We are used to thinking about particles on
trajectories, experiencing forces. Now we have
to think about how a probability distribution
evolves with time. Moreover, the equations of
quantum mechanics that govern the motion lead
to unfamiliar phenomena such as tunneling,
wave-like interference and entanglement.

Change in paradigm
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The language of probability

An experimental outcome x is observed with probability P(x).
P(x) is the probability distribution.

Discrete Continuous

Normalisation 1=> P 1= / P(x)dx
i

Mean average (x) = Zx,-P,- (x) = /xP(x)dx

Variance (Ax)? = ((x — (x))?) = (x?) — (x)?
RMS deviation  Ax = /(x?) — (x)?

Special language is used for statistical measures arising from the
probability distributions in quantum mechanics

Mean <— Expectation value (x)
RMSD <— Uncertainty Ax
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The state of a system

For clarity, let’s focus on the simple example of a single particle.

Classically, the state of a system is the position of the particle x and its
momentum p — from this we can compute any property of interest.
e.g. the energy

2

E(x,p) = ;—m +V(x)

A quantum particle has
@ a distribution of positions Py(x),
@ an associated distribution of momenta Pp(p), and therefore
@ an associated distribution of energies Pg(E).

The properties of the system are computed from these probability
distributions.
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The quantum state

Although the probability distributions are experimentally observable, the
central objects in quantum mechanics are probability amplitudes:

@ A complex number ¢, whose square b
modulus is a probability
P = |c|?> = c*c.

c=a+1b

‘ le|? = a® + b?

Notation:
|x) is a state with definite postion. |p) is a state with definite momentum

The quantum state |W) is a linear superposition states of definite position
It is also a linear superposition of states of definite momentum

W) =D Ikier =Y b
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The wavefunction

Probability amplitudes for position are particularly important in QM.
@ We need to account for position being continuous, not discrete.

@ The coefficient ¢ becomes a function of x: the wavefunction W(x).

e — / ) W(x) dV

The probability that the particle is within dV of position x is |W(x)|? dV.

For |W(x)|? to be a valid probability distribution, the wavefunction must be
@ continuous @ single valued @ normalisable
While Erwin Schrodinger formulated the wave equation,

Max Born interpreted the wavefunction as a probability
amplitude, a mathematical device from which physically

observable probabilities can be derived.
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Normalisation
The inner product of a function f(x) is

(fIf) = /f(x)*f(x) dv E/|f(x)|2dV = N?

This is the continuous analogue of the inner product a vector c* - ¢

N is the norm of the function. A wavefunction is normalised if
W) = [ Wi av =1

If £(x) is single valued and continuous, but not normalised, the normalised
wavefunction is
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Measurement

The outcomes of measurements are probabilistic.

o If we measure the position of the particle, we will observe one of the
allowed values of x with probability Py(x) = |W(x)|?

W) = /|x)\ll(x) dv

x

The average of many independent measurements is (x) = /x [W(x)|? dV
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Example: particle in a box

Let's imagine a particle of mass m inside a large container and let's
imagine that it has definite energy E, but is an equal superposition of
definite momentum states |+p) and |—p), with E = p?/2m

¥) = 1) = =l+p) + —=|-p)

7 Z What are the expectation values (E) and (p)?
Z ; What are the uncertianties AE and Ap?

Z Z

7 7

; 7

/////////////
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Example: particle in a box

Let's imagine a particle of mass m inside a large container and let's
imagine that it has definite energy E, but is an equal superposition of
definite momentum states |+p) and |—p), with E = p?/2m

¥) = 1) = =l+p) + —=|-p)

7 /% What are the expectation values (E) and (p)?
Z ? What are the uncertianties AE and Ap?

7 7

7 7 (E)=FE AE=0

% 7

///////////// (p) =0 Ap=np
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM

“bra” (V| ‘ket" W) where (W] = (JW))f

Let's see how to use it to compute the norm of a wavefunction

(W] = ci(p1l + (P2 “bra”
V) = [p1)c1 + |p2)c2 “ket”
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM
“bra” (V] “ket” W) where (W] = (JW))T
Let's see how to use it to compute the norm of a wavefunction

(W] = ci(p1l + (P2 “bra”
V) = [p1)c1 + |p2)c2 “ket”

The inner product is

(VW) = cf(p1]p1)c1 + i (p1lp2)ca + 3 {p2lp1)ct + ¢ (p2|p2)ca
=c¢ 1 a+¢q 0 o+t 0 a+a 1 o

=lal + e/’
Note: states of definite momentum are orthonormal
(pilp;) = 0j
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM

‘bra’ (W ket' (W) where (W] = (W)

Let's see how to use it to compute the norm of a wavefunction

(V| = c1(p1]| + 5 (p2| “bra”
V) = |p1)c1 + |p2) 2 “ket”

Dirac notation is often combined with matrix notation

(W) = (¢ C;)(<p1!p1> <P1|P2)) (c1>

(p2lp1) (p2lp2) @
(o 3)(2) =t &) (2)=lal+lar
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM
“bra” (V] “ket” W) where (W] = (JW))T
Dirac’s notation is equally applicable to the continuous case
(V| = /W(x)*<x| dv V) = /|x)lll(x) dv
The inner product is
()W) = / / W(x)* (x| )W(x') dVaV/
= //\U(x)*d(x —xXYW(x')dVdV' = /\U(x)*\U(x) dv
Note: states of definite position are orthonormal
(x[x’) = d(x — X')
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Summary so far
@ Quantum particles are in a linear superposition of allowed positions
V) = /|x>\ll(x) dv
@ The wavefunction W(x) is single valued, continuous and normalised

W) = [weRav =1

o Measuring position returns one value of x with probability |W(x)|?

@ The average of many independent measurements is the expectation
value

(x) :/xPx(x) dV:/x]\U(x)]z dv
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Physical observables have a quantum operator

We have introduced the idea of states of definite position, energy and
momentum and have asserted that the quantum state is a linear
superposition of them.

W) = /yx,-w(x) dv = Z\E;)c,-E etc

We need to be explicit about what they are.

Every physical observable A has an associated operator A. A state with a
definite value of A = a; is an eigenfunction of A with eigenvalue a;

Alaj) = ajla;)

All operators A in quantum mechanics are linear and hermitian
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Linearity and Hermiticity

An operator is linear if the action of A on a function satisfies two criteria:

A(f +g) = Af + Ag additivity
A(cf) = cAf multiplicitivity

where f and g are functions and c is a constant.

These two conditions can be combined into one
A(cf 4 dg) = cAf + dAg

An operator is hermitian if

( / f(x)*Ag(x) dv)* = / g(x)*Af(x) dV
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Position

The effect of the position operator on a state of definite position is to
multiply it by its value of x.

X|x) = x|x) — W (x) = xW(x)

Aside: the eigenfunctions are Dirac delta functions W(x)

~ 5(x)
(x) = // *(xIRIX) W (') dVaV!
// X(x — X YW(x') dVdV'
- / X)"xU(x) dV
- '/xPX(x) dv

Example: 1-d Gaussian distribution W(x) = 7~ /4 exp(x?/2)
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Momentum

The effect of the momentum operator on a state of definite momentum is
to multiply it by its value of p.

plp) = plp)
Example: the effect of the momentum operator on |V) = |p1)c1 + |p2) &2

PIV) = plp1)c1 + Blp2)ca
= |p1)pic1 + |p2)p2co
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Momentum

The effect of the momentum operator on a state of definite momentum is
to multiply it by its value of p.

plp) = plp)
Example: the effect of the momentum operator on |V) = |p1)c1 + |p2) 2

PIV) = plp1)c1 + Blp2)ca
= |p1)pic1 + |p2)p2co

Taking the inner product with the bra state gives the expectation value

(VIP|V) = ¢y (p1lp1)prct + ¢ (p1|p2)p2c2 + 3 (p2|p1)p1c1 + G5 (p2|p2) p2C2
= pilal? + p2lcaf?

= ZPiPp(Pi)
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Momentum

The effect of the momentum operator on a state of definite momentum is
to multiply it by its value of p.

plp) = plp)

Example: the expected momentum for |W) = |p1)c1 + |p2)co

st [ (PLlBlpr) (pilBlp2) ) (@
(V|p|V) = (¢ C2)<<p2\ﬁ|p1> <p2|/3|p2>) <C2)

= (c; cé‘)(%l ;i) <2>

= P1!C1\2 + .02\C2|2
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Momentum

But what if we only have the wavefunction W(x) and not c?
We need the effect of p on the coordinates.

plp) = plp) — pV(x) = —ihVV(x)

// *(x|p[x )W (x') dVdV’

= —ih // )*Vé(x — x)W(x") dvdV’
_,r,/ (%) VU (x) dV

Aside:

Example: 1-d Gaussian distribution W(x) = 7~ %/* exp(x?/2)
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States of definite momentum are plane waves

What do states of definite momentum look like in the coordinte
representation?

@ Solve the 1-d eigenvalue equation py|px) = px|px)

L0
—ihWp(x) = pVp(x)

The solution is a plane wave

1 Px
V,(x) = Nior exp(/%x)

The wavelength A\, of the plane wave
is the value of x where pyx/h = 2. h

Direct connection to the De Broglie
relation of wave-particle duality.
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Heisenberg's uncertainty principle

Can a quantum state have definite values of more than one
observable?

Werner Heisenberg's uncertainty principle:

1 ~ -
AALB = S|([A, BY)

Def. The commutator between A and B is

A B] = AB— B

>

If A and B commute, then it is possible for there to be a quantum state
that has definite values of A and B at the same time.

Examples: [py,X] and [p, X]
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Summary so far

@ Quantum states are linear superpositions |W) = /|x>\ll(x) dv

e |W(x)|? is the probability distribution of positions

o States of definite x (p) are eigenfunctions of X (p)

X|x) = x|x) W (x) = xV(x)
plp) = plp) pV(x) = —ikVV(x)

@ States of definite momentum are plane waves

@ The expectation value for obserable A is given by the formula
(WIA|V) = /w(x)*A\U(x) dv

@ Heisenberg's uncertainty principle AAAB > %|<[A, B))|
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Summary of operators

It is useful to summarise some of the fundamental operators in quantum
mechanics

scalar vector
position X=x X =x
. N ., 0 N .
linear momentum px = —ih— p=—ihV
ox
A ., 0 N .
angular momentum [, = —/h% L= —ih(x x V)
A 0
ener E=ih—
&Y ot
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Summary of operators

Composite operators are obtained by combining the fundamental operators
as they appear in the classical formula: e.g.

~n2 h2
kinetic energy P ——V?
2m 2m
harmonic potential —kX* = —kx
2 2
212262 _ 212262

Coulomb potential

47T60|f(1 — f(2| - 47T60|X1 — X2|
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The energy operator

The momentum operator generates translations in space. The energy
operator generates translation in time, evolving the state forwards in time

0
E=ih—
'6t

States of definite energy are eigenstates of the energy operator
E|E) = Ej|E:)

The quantum state is a Iinear superposition of energy states, with
probability amplitudes c£, and probabilities |cF |2

:Z|E’>C"E (E) = (V|E|W) = ZE|cEy
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The Hamiltonian operator

The total energy is also equal to the kinetic energy plus the potential
energy. This is called the Hamiltonian

A

Hamiltonian operator A=T+V

o LR PP R o
Kinetic energy T= “om (8)(2 + ay? + 8z2> - v

Potential energy depends on the interaction of the particle with its
enivironment. e.g. an electron is attracted to a nucleus

~ Ze?
Vix)=———
(x) 4men|x — R|
e.g. a particle in a harmonic energy well
. 1 )
V(x) = Ek(x — Xe)
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The Schrodinger equation

We now have two energy operators: E and H.
Schrodinger's equation is nothing more than the
statement that they are equivalent.

9 -
ihso W) = A)

In terms of the wavefunction, Schrédinger’s equation is

L, 0 "
lhalll(x, t) = HV(x, t)

It a formal solution that relates the wavefunction at time t = 0 to the
wavefunction at some time t later

W(x, t) = e Ht/My(x,0)
The Hamiltonian determines how the quantum state evolves in time
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Energy eigenfunctions are stationary states

If a quantum state has definite energy H|E;) = Ej|E;), then

ih%\lf;(x, t) = E;Vi(x, t)
In this case the time dependence of the wavefunction is
Wi(x, t) = e Et/Mw;(x, 0)
@ State at time t is just a phase e Eit/l times state at time t = 0.

Probability distribution is independent of time
Pu(x, ) = [Wi(x, t)] = |Wi(x,0)|?

Energy eigenstates |E;) are stationary states.
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The time-independent Scrhodinger equation

States of definite energy are characteristic of the system and in QM we
understand the behaviour of a system by examining energy eigenstates.

The key equation is the time-independent energy eigenvalue equation:
Schrodinger's time-independent wave equation

H\U,'(X) = E,'\U,'(X)
Our central goal is to solve this equation, exactly or approximately, of a
system of interest.

In this way we can understand the properties of the system, where the
particles are and how they are moving, the way the system can absorb or
release energy and how it will behave if we perturb it through some
interaction.
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The Postulates of Quantum Mechanics

vy
Schrédinger ' ii

Ehrenfest

Pauli

+ Heisenberg

Bragg Brillouin
Debye Bohr
Langmuir Born
De Broglie
Planck
Compton
Curie
Langevin
Dirac
Einstein
Lorentz

Solvay conference 1927
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The Postulates of Quantum Mechanics
1. The state of a system of N particles is fully described by a function
VY(r, t) called the wavefunction.

2. For every physical observable A there is an associated operator A that
acts on the wavefunction and is both linear and hermitian.

3. The only possible result of the measurement of an observable A is one
of the eigenvalues a; of the corresponding operator A.

4. For a state |W) = ), cj|a;), the probability that a measurment of
observable A returns eigenvalue a; is |c;|?.

5. Immediately after the measurement of an observable A has yielded a
value a;, the state of the system is the normalized eigenstate |a;).

6. The evolution of W(r, t) with time t is governed by Schrodinger's
equation ihZ|W) = H|W).
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The free particle

System: A particle of mass m moving in 1-d, free from external forces

A Ao N h? 92 N
Hamiltonian: H = T =+ V T = _%ﬁ V = 0
Schrodinger equation

h? 02

General solution for energy eigenstates

\U(X) — Aei\/2mEx/h+ Be—i\/2mEx/h

There is an alternative route to the solution that is more instructive
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The free particle

Notice that momentum operator and the Hamiltonian operator commute
%

. P
[H px] _px px2 =0

@ Eigenfunctions of the momentum operator are also eigenfunctions of
the Hamiltonian operator with eigenvalues E = p2/2m

ﬁx’px> = Px‘px> — I:I’pX> = 2,3_;7‘Px> = 2'0_;;7‘Px>
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The free particle
Notice that momentum operator and the Hamiltonian operator commute

p? p3
[H px] = 7px ﬁx2x

@ Eigenfunctions of the momentum operator are also eigenfunctions of
the Hamiltonian operator with eigenvalues £ = p2/2m

=0

Blp) = pdp  — Al = Zipy = By

There are two momentum states with the same energy: |+p,) and |—p,)
Any superposition is an eigenfunction of A with eigenvalue E = p2/2m.
C1 eipxx/h+ C2

e—ipxx/ﬁ
V2rh 2mh

V(x) =
|+p,) and |—p, ) interfere to give a sinusoidal probability distribution.
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Particle on a ring

Example of a system with angular momentum
A particle of mass m that moves around a ring

Angular momenetum [, moment of inertia | = mr?
R 2 B2 92
Hamiltonian H = 2_Zl = _aﬁ
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Particle on a ring

Example of a system with angular momentum
A particle of mass m that moves around a ring

Angular momenetum /,, moment of inertia | = mr?

N 2?92
Hamiltonian A== _Ea%

Notice that [A,/,] =0 — look for eigenstates of /,
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Particle on a ring

Example of a system with angular momentum
A particle of mass m that moves around a ring

Angular momenetum /,, moment of inertia | = mr?

N 2?92
Hamiltonian A== _Ea%

Notice that [A,/,] =0 — look for eigenstates of /,

.0
—,h%wm(@ = ImVm(o)

Analogous to eigenstates of linear momentum

1 .
Vin(0) = —=e/!

V2r
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Particle on a ring

|m) = | m)

1 i
Vol9) = el

Wavefunction must be single valued

o | ="hm m=0,+1,+2...
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Particle on a ring

|m) = In| m)

1 i
Vol9) = el

Wavefunction must be single valued V(o +2m) = V(o)
@ Iy =hm m=0,+1,+2... %z%rm
m2h2

|m) has definite angular momentum /m and definite energy

2/

m = +2 Particle has 42k angular momentum E.o, = 4h2/2/

m = +1 Particle has +A angular momentum Ey; = h2/2l
m = 0 Particle has no angular momentum Eo=0

232

Acr|+m) + co|—m)) =

el m) + cal—m))
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The Postulates of Quantum Mechanics
1. The state of a system of N particles is fully described by a function
VY(r, t) called the wavefunction.

2. For every physical observable A there is an associated operator A that
acts on the wavefunction and is both linear and hermitian.

3. The only possible result of the measurement of an observable A is one
of the eigenvalues a; of the corresponding operator A.

4. For a state |W) = ), cj|a;), the probability that a measurment of
observable A returns eigenvalue a; is |c;|?.

5. Immediately after the measurement of an observable A has yielded a
value a;, the state of the system is the normalized eigenstate |a;).

6. The evolution of W(r, t) with time t is governed by Schrodinger's
equation ihZ|W) = H|W).
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Key equations
The quantum state is a linear superposition |V) = / [x)W(x) = Z [EDYe

States of definite observable A = a; are eigenfunctions Ala;) = aj|a;)

The expectation value of A is (W|A|W) = /\u(x)*A“\u(x) dv =>ajlc??

Uncertainty AA = /(A?) — (A)2.
States can only have definite values of A and B simultaneously if the operators
commute [A, B] = 0. In general AAAB > L|([A, B])|.

The operators for position, momentum and energy are

% =x p=—ihV E:ih% and E=HA=T+V

Schrodinger’s wave equation for time evolution of the quantum state

0 "
lha\U(X, t) = HV(x, t)

Eigenstates of the Hamiltonian have definite energy and are stationary states.
AV;(x) = EjV;(x)
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Particle in a 1-d box

A particle of mass m free to move in a 1-d box

n h? 2 0 0<x<lL 7 é
H=——-—=+V(x V(x) = 7 7
2m 0x? (x) (x) { oo else Gt
Outside the box V(x)=0 forx<0,x>1L
Inside the box
h? 02
“om B —WV(x) = EV(x)
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Particle in a 1-d box

A particle of mass m free to move in a 1-d box

N K2 02 0 0<x<lL
H= " 2mox? + V() Vix) = { oo else
Outside the box V(x)=0 forx<0,x>1L
Inside the box

h2 82

Has solutions

\U(X) — Aei\/2mEx/h + Be—i\/2mEx/h

/, 7,
% %
Z Z
Z %
7 %
% %
Z Z
2 %
i

= (A+ B)cos(V2mEx/h) + i(A — B)sin(vV2mEx/h)
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Particle in a 1-d box

A particle of mass m free to move in a 1-d box

n h? 2 0 0<x<lL 7 é
H=——-—=+V(x V(x) = 7 7
2m 0x? (x) (x) { oo else Gt
Outside the box V(x)=0 forx<0,x>1L
Inside the box
h? 02

Has solutions
\U(X) _ Aei\/ZmEx/h + Be—i\/2mEx/h
= (A+ B)cos(V2mEx/h) + i(A — B)sin(vV2mEx/h)

Continuous V(x) — A= —B and vV2mEL/h = nm n=12...
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Particle in a 1-d box

This is an example where energy is quantised

Def. Quantisation refers to the instance when the allowed values
that a physical observable can take become discrete
(quantised), rather than continuous.

Solutions: U(z) () ?
P LONONON
nmx g [N e e et
X —sin
Ui = 2 sin7X)
n?h? e
= — 2= S
" 8mlL?
h2
Bi=_—
n=12,... Sml.
0 x L 0 R L
h2

Ground state W1(x) has non-zero energy E; = ——: zero point energy
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Particle in a 1-d box

Energy eigenstates: U(z) 0 (2)P
o P T N
2 nmx B=gmr [T77X0 — ot s miien
V,.(x) = \/jsin —_—
g _ R o /\/ .
n — W 8mL?
n=12...
0 T L 0 T L
Questions:

e What is (n|X|n)?
e What is (n|p|n)?
@ What is AxAp for n =17
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Free particle in 3-d

Let's consider a particle of mass m free to move in 3-d

h2 82 82 82
5 <8X2 + ay2 + 822> V(x,y,z) = EV(x,y,z)

2m

Since there is no coupling between x, y, z, the equation factorises
(Tt o+ 1)Wb), 0)Ve(2) = (Bt B + E ) W)W, (1)V2(2)

Each of W, (x),V,(y),V,(z) obey a 1-d equation T,W,(x) = ExW,(x)

. . 2
VW, (x) = _G ipex/h + €1 —ipex/h E, — Px

\V2rh 2wh ’ - 2m
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Free particle in 3-d
Let's consider a particle of mass m free to move in 3-d

h2 82 82 82
5 <8x2 + ay2 + 822> V(x,y,z) = EV(x,y,z)

2m

Since there is no coupling between x, y, z, the equation factorises
(Tt o+ 1)Wb), 0)Ve(2) = (Bt B + E ) W)W, (1)V2(2)

Each of W, (x),V,(y),V,(z) obey a 1-d equation T,W,(x) = ExW,(x)

2
€1 _ipx/h €1 _ipx/h Px
V. (x) = 7e’PXX/ + ——e pxx/ , E, = =X
x(x) V2rh 21h T 2m

We can write a solution in terms of x = (x, y, z) and p = (px, py, Pz)

1 3/2 ip-x/h P2
W(X) = (2Trh> e P E = %
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Particle in a 2-d box

The Hamiltonian for a particle in a 2-d box factorises. This is because the
potential for the box is separable V(x,y) = V(x) + V(y)

0 O0<x<lL |0 O<y<lL
V(X)_{oo else V(y)_{oo else

So we have
(P B )W) Wm(y) = (En+ Em ) Wn()Wi(y)

The solutions are quantised with quantum number nin x and min y

8 2
H|inm) = E,m|nm) ; |nm) = ZSin(mLTX)sin($)
(n® + m?)h?
n,m:1,2,... Enm:W
i i I 2h?
The zero point energy is the sum of the x and y contributions Ej; = P
m
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David Tew (University of Oxford) Quantum Mechanics

Two particles in a 1-d box
The state of the system |W) is described by joint probability distributions
Px(x1,%2), Pp(p1; p2)-

The wavefunction is the probability amplitude
W) :/ |x1)|x2) W(x1, x2) dx1dx2

Where |W(x1, x2)|?dx1dxz is the probability of finding particle 1 within
x1 and x; + dxy at the same time as particle 2 within x; and x» + dx>

The total energy operator is A= 'f'l + 7A'2 + \71 + \72 + \712
@ Kinetic energy of each particle T; + T»

@ Potential energy of each particle due to any external forces V4 + V;
@ Potential energy of interaction Vio
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Two non-interacting particles in a 1-d box

If there is no interaction, then the Hamiltonian for 2 particles in box
factorises in a simlar way to the 1 particle in a 2-d box example

(Hl + F/z) W, (x0) W, (32) = (Em + En2>\lln1(x1)\lln2(x2)

The solutions are quantised with quantum number n; in x; and ny in x»

A ) X Ny T X
H|nino) = En p,|nin2) ; |ning) = Z in( 1L L) sin( 2L 2)
+ n2)h?
n1,n2:1,2,... En1n2_(8rnL§)

The zero point energy is the sum of the x; and x> contributions
£ 2h?
1 gmL2
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Constants of motion

A quantum state evolves forwards in time according to
i w(e) = AV(o))
ot B

A general state |W(t)) is not an energy eigenstate, so the probability
distributions are time dependent. What is the time dependence of (A)?

(A = (1A, A)
If [H, A] = 0 then A is a constant of the motion
d, - ov ov
—(VIA) = (*\A\‘W (WA =)

dt
= <W\HA\W>**< AR V)
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