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“Anyone who is not shocked by
quantum mechanics has not
understood it”

– Niels Bohr
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Quantum Mechanics is a probabilistic theory

Classical mechanics: a particle has a definite position x and a definite
momentum p

Quantum mechanics: a particle is located at x with probability Px(x)
and has momentum p with probability Pp(p)

We are used to thinking about particles on
trajectories, experiencing forces. Now we have
to think about how a probability distribution
evolves with time. Moreover, the equations of
quantum mechanics that govern the motion lead
to unfamiliar phenomena such as tunneling,
wave-like interference and entanglement.

Change in paradigm
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The language of probability
An experimental outcome x is observed with probability P(x).
P(x) is the probability distribution.

Discrete Continuous

Normalisation 1 =
∑
i

Pi 1 =

∫
P(x)dx

Mean average 〈x〉 =
∑
i

xiPi 〈x〉 =

∫
xP(x)dx

Variance (∆x)2 = 〈(x − 〈x〉)2〉 = 〈x2〉 − 〈x〉2
RMS deviation ∆x =

√
〈x2〉 − 〈x〉2

Special language is used for statistical measures arising from the
probability distributions in quantum mechanics

Mean←→ Expectation value 〈x〉
RMSD←→ Uncertainty ∆x
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The state of a system

For clarity, let’s focus on the simple example of a single particle.

Classically, the state of a system is the position of the particle x and its
momentum p – from this we can compute any property of interest.
e.g. the energy

E (x,p) =
p2

2m
+ V (x)

A quantum particle has

a distribution of positions Px(x),

an associated distribution of momenta Pp(p), and therefore

an associated distribution of energies PE (E ).

The properties of the system are computed from these probability
distributions.
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The quantum state

Although the probability distributions are experimentally observable, the
central objects in quantum mechanics are probability amplitudes:

A complex number c , whose square
modulus is a probability
P = |c |2 = c∗c .

Notation:
|x〉 is a state with definite postion. |p〉 is a state with definite momentum

The quantum state |Ψ〉 is a linear superposition states of definite position
It is also a linear superposition of states of definite momentum

|Ψ〉 =
∑
i

|xi 〉cxi =
∑
i

|pi 〉cpi
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The wavefunction

Probability amplitudes for position are particularly important in QM.

We need to account for position being continuous, not discrete.

The coefficient cxi becomes a function of x: the wavefunction Ψ(x).∑
i

|xi 〉cxi −→
∫
|x〉Ψ(x) dV

The probability that the particle is within dV of position x is |Ψ(x)|2 dV .

For |Ψ(x)|2 to be a valid probability distribution, the wavefunction must be

continuous single valued normalisable

While Erwin Schrödinger formulated the wave equation,

Max Born interpreted the wavefunction as a probability

amplitude, a mathematical device from which physically

observable probabilities can be derived.
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Normalisation

The inner product of a function f (x) is

〈f |f 〉 =

∫
f (x)∗f (x) dV ≡

∫
|f (x)|2 dV = N2

This is the continuous analogue of the inner product a vector c∗ · c
N is the norm of the function. A wavefunction is normalised if

〈Ψ|Ψ〉 =

∫
|Ψ(x)|2 dV = 1

If f (x) is single valued and continuous, but not normalised, the normalised
wavefunction is

Ψ(x) =
1

N
f (x)
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Measurement

The outcomes of measurements are probabilistic.

If we measure the position of the particle, we will observe one of the
allowed values of x with probability Px(x) = |Ψ(x)|2

|Ψ〉 =

∫
|x〉Ψ(x) dV

The average of many independent measurements is 〈x〉 =

∫
x |Ψ(x)|2 dV
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Example: particle in a box

Let’s imagine a particle of mass m inside a large container and let’s
imagine that it has definite energy E , but is an equal superposition of
definite momentum states |+p〉 and |−p〉, with E = p2/2m

|Ψ〉 = |E 〉 =
1√
2
|+p〉+

1√
2
|−p〉

What are the expectation values 〈E 〉 and 〈p〉?
What are the uncertianties ∆E and ∆p?

〈E 〉 = E ∆E = 0

〈p〉 = 0 ∆p = p
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM

“bra” 〈Ψ| “ket” |Ψ〉 where 〈Ψ| = (|Ψ〉)†

Let’s see how to use it to compute the norm of a wavefunction

〈Ψ| = c∗1 〈p1|+ c∗2 〈p2| “bra”

|Ψ〉 = |p1〉c1 + |p2〉c2 “ket”

The inner product is

〈Ψ|Ψ〉 = c∗1 〈p1|p1〉c1 + c∗1 〈p1|p2〉c2 + c∗2 〈p2|p1〉c1 + c∗2 〈p2|p2〉c2
= c∗1 1 c1 + c∗1 0 c2 + c∗2 0 c1 + c∗2 1 c2

= |c1|2 + |c2|2

Note: states of definite momentum are orthonormal

〈pi |pj〉 = δij
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM

“bra” 〈Ψ| “ket” |Ψ〉 where 〈Ψ| = (|Ψ〉)†

Let’s see how to use it to compute the norm of a wavefunction

〈Ψ| = c∗1 〈p1|+ c∗2 〈p2| “bra”

|Ψ〉 = |p1〉c1 + |p2〉c2 “ket”

Dirac notation is often combined with matrix notation

〈Ψ|Ψ〉 = (c∗1 c∗2 )

(
〈p1|p1〉 〈p1|p2〉
〈p2|p1〉 〈p2|p2〉

)(
c1
c2

)
= (c∗1 c∗2 )

(
1 0
0 1

)(
c1
c2

)
= (c∗1 c∗2 )

(
c1
c2

)
= |c1|2 + |c2|2
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Dirac notation

Paul Dirac introduced compact bra-ket notation for QM

“bra” 〈Ψ| “ket” |Ψ〉 where 〈Ψ| = (|Ψ〉)†

Dirac’s notation is equally applicable to the continuous case

〈Ψ| =

∫
Ψ(x)∗〈x| dV |Ψ〉 =

∫
|x〉Ψ(x) dV

The inner product is

〈Ψ|Ψ〉 =

∫ ∫
Ψ(x)∗〈x|x′〉Ψ(x′) dVdV ′

=

∫ ∫
Ψ(x)∗δ(x− x′)Ψ(x′) dVdV ′ =

∫
Ψ(x)∗Ψ(x) dV

Note: states of definite position are orthonormal

〈x|x′〉 = δ(x− x′)
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Summary so far

Quantum particles are in a linear superposition of allowed positions

|Ψ〉 =

∫
|x〉Ψ(x) dV

The wavefunction Ψ(x) is single valued, continuous and normalised

〈Ψ|Ψ〉 =

∫
|Ψ(x)|2 dV = 1

Measuring position returns one value of x with probability |Ψ(x)|2
The average of many independent measurements is the expectation
value

〈x〉 =

∫
xPx(x) dV =

∫
x|Ψ(x)|2 dV
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Physical observables have a quantum operator

We have introduced the idea of states of definite position, energy and
momentum and have asserted that the quantum state is a linear
superposition of them.

|Ψ〉 =

∫
|xi 〉Ψ(x) dV =

∑
i

|Ei 〉cEi etc

We need to be explicit about what they are.

Every physical observable A has an associated operator Â. A state with a
definite value of A = ai is an eigenfunction of Â with eigenvalue ai

Â|ai 〉 = ai |ai 〉

All operators Â in quantum mechanics are linear and hermitian
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Linearity and Hermiticity

An operator is linear if the action of Â on a function satisfies two criteria:

Â(f + g) = Âf + Âg additivity

Â(cf ) = cÂf multiplicitivity

where f and g are functions and c is a constant.

These two conditions can be combined into one

Â(cf + dg) = cÂf + dÂg

An operator is hermitian if(∫
f (x)∗Âg(x) dV

)∗
=

∫
g(x)∗Âf (x) dV
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Position

The effect of the position operator on a state of definite position is to
multiply it by its value of x.

x̂|x〉 = x|x〉 −→ x̂Ψ(x) = xΨ(x)

Aside: the eigenfunctions are Dirac delta functions Ψ(x) = δ(x)

〈x〉 = 〈Ψ|x̂|Ψ〉 =

∫ ∫
Ψ(x)∗〈x|x̂|x′〉Ψ(x′) dVdV ′

=

∫ ∫
Ψ(x)∗x′δ(x− x′)Ψ(x′) dVdV ′

=

∫
Ψ(x)∗xΨ(x) dV

=

∫
xPx(x) dV

Example: 1-d Gaussian distribution Ψ(x) = π−1/4 exp(x2/2)
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Momentum

The effect of the momentum operator on a state of definite momentum is
to multiply it by its value of p.

p̂|p〉 = p|p〉 −→ p̂Ψ(x) = −i~∇Ψ(x)

Example: the effect of the momentum operator on |Ψ〉 = |p1〉c1 + |p2〉c2

p̂|Ψ〉 = p̂|p1〉c1 + p̂|p2〉c2
= |p1〉p1c1 + |p2〉p2c2

Taking the inner product with the bra state gives the expectation value

〈Ψ|p̂|Ψ〉 = c∗1 〈p1|p1〉p1c1 + c∗1 〈p1|p2〉p2c2 + c∗2 〈p2|p1〉p1c1 + c∗2 〈p2|p2〉p2c2
= p1|c1|2 + p2|c2|2

=
∑
i

piPp(pi )
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Momentum

The effect of the momentum operator on a state of definite momentum is
to multiply it by its value of p.

p̂|p〉 = p|p〉 −→ p̂Ψ(x) = −i~∇Ψ(x)

Example: the expected momentum for |Ψ〉 = |p1〉c1 + |p2〉c2

〈Ψ|p̂|Ψ〉 = (c∗1 c∗2 )

(
〈p1|p̂|p1〉 〈p1|p̂|p2〉
〈p2|p̂|p1〉 〈p2|p̂|p2〉

)(
c1
c2

)
= (c∗1 c∗2 )

(
p1 0
0 p2

)(
c1
c2

)
= p1|c1|2 + p2|c2|2
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Momentum

But what if we only have the wavefunction Ψ(x) and not cpi ?
We need the effect of p̂ on the coordinates.

p̂|p〉 = p|p〉 −→ p̂Ψ(x) = −i~∇Ψ(x)

Aside:

〈Ψ|p̂|Ψ〉 =

∫ ∫
Ψ(x)∗〈x|p̂|x′〉Ψ(x′) dVdV ′

= −i~
∫ ∫

Ψ(x)∗∇δ(x− x′)Ψ(x′) dVdV ′

= −i~
∫

Ψ(x)∗∇Ψ(x) dV

Example: 1-d Gaussian distribution Ψ(x) = π−1/4 exp(x2/2)
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States of definite momentum are plane waves

What do states of definite momentum look like in the coordinte
representation?

Solve the 1-d eigenvalue equation p̂x |px〉 = px |px〉

−i~ ∂
∂x

Ψp(x) = pxΨp(x)

The solution is a plane wave

Ψp(x) =
1√
2π~

exp(i
px
~
x)

The wavelength λx of the plane wave
is the value of x where pxx/~ = 2π.

Direct connection to the De Broglie
relation of wave-particle duality.

λ =
h

p
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Heisenberg’s uncertainty principle

Can a quantum state have definite values of more than one
observable?

Werner Heisenberg’s uncertainty principle:

∆A∆B ≥ 1

2
|〈[Â, B̂]〉|

Def. The commutator between Â and B̂ is

[Â, B̂] = ÂB̂ − B̂Â

If Â and B̂ commute, then it is possible for there to be a quantum state
that has definite values of A and B at the same time.

Examples: [p̂y , x̂ ] and [p̂x , x̂ ]
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Summary so far

Quantum states are linear superpositions |Ψ〉 =

∫
|x〉Ψ(x) dV

|Ψ(x)|2 is the probability distribution of positions

States of definite x (p) are eigenfunctions of x̂ (p̂)

x̂|x〉 = x|x〉 x̂Ψ(x) = xΨ(x)

p̂|p〉 = p|p〉 p̂Ψ(x) = −i~∇Ψ(x)

States of definite momentum are plane waves

The expectation value for obserable A is given by the formula

〈Ψ|Â|Ψ〉 =

∫
Ψ(x)∗ÂΨ(x) dV

Heisenberg’s uncertainty principle ∆A∆B ≥ 1
2 |〈[Â, B̂]〉|
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Summary of operators

It is useful to summarise some of the fundamental operators in quantum
mechanics

scalar vector

position x̂ = x x̂ = x

linear momentum p̂x = −i~ ∂
∂x

p̂ = −i~∇

angular momentum l̂z = −i~ ∂

∂φ
L̂ = −i~(x×∇)

energy Ê = i~
∂

∂t
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Summary of operators

Composite operators are obtained by combining the fundamental operators
as they appear in the classical formula: e.g.

kinetic energy
p̂2

2m
= − ~2

2m
∇2

harmonic potential
1

2
kx̂2 =

1

2
kx2

Coulomb potential
Z1Z2e

2

4πε0|x̂1 − x̂2|
=

Z1Z2e
2

4πε0|x1 − x2|
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The energy operator

The momentum operator generates translations in space. The energy
operator generates translation in time, evolving the state forwards in time

Ê = i~
∂

∂t

States of definite energy are eigenstates of the energy operator

Ê |Ei 〉 = Ei |Ei 〉

The quantum state is a linear superposition of energy states, with
probability amplitudes cEi , and probabilities |cEi |2

|Ψ〉 =
∑
i

|Ei 〉cEi 〈E 〉 = 〈Ψ|Ê |Ψ〉 =
∑
i

Ei |cEi |2

David Tew (University of Oxford) Quantum Mechanics October 26, 2022 26 / 46



The Hamiltonian operator
The total energy is also equal to the kinetic energy plus the potential
energy. This is called the Hamiltonian

Hamiltonian operator Ĥ = T̂ + V̂

Kinetic energy T̂ = − ~2

2m

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
= − ~2

2m
∇2

Potential energy depends on the interaction of the particle with its
enivironment. e.g. an electron is attracted to a nucleus

V̂ (x) = − Ze2

4πε0|x− R|

e.g. a particle in a harmonic energy well

V̂ (x) =
1

2
k(x − xe)2
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The Schrödinger equation

We now have two energy operators: Ê and Ĥ.
Schrödinger’s equation is nothing more than the
statement that they are equivalent.

i~
∂

∂t
|Ψ〉 = Ĥ|Ψ〉

In terms of the wavefunction, Schrödinger’s equation is

i~
∂

∂t
Ψ(x, t) = ĤΨ(x, t)

It a formal solution that relates the wavefunction at time t = 0 to the
wavefunction at some time t later

Ψ(x, t) = e−i Ĥt/~Ψ(x, 0)

The Hamiltonian determines how the quantum state evolves in time
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Energy eigenfunctions are stationary states

If a quantum state has definite energy Ĥ|Ei 〉 = Ei |Ei 〉, then

i~
∂

∂t
Ψi (x, t) = EiΨi (x, t)

In this case the time dependence of the wavefunction is

Ψi (x, t) = e−iEi t/~Ψi (x, 0)

State at time t is just a phase e−iEi t/~ times state at time t = 0.

Probability distribution is independent of time

Px(x, t) = |Ψi (x, t)|2 = |Ψi (x, 0)|2

Energy eigenstates |Ei 〉 are stationary states.
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The time-independent Scrhödinger equation

States of definite energy are characteristic of the system and in QM we
understand the behaviour of a system by examining energy eigenstates.

The key equation is the time-independent energy eigenvalue equation:
Schrödinger’s time-independent wave equation

ĤΨi (x) = EiΨi (x)

Our central goal is to solve this equation, exactly or approximately, of a
system of interest.

In this way we can understand the properties of the system, where the
particles are and how they are moving, the way the system can absorb or
release energy and how it will behave if we perturb it through some
interaction.
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The Postulates of Quantum Mechanics

Solvay conference 1927
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The Postulates of Quantum Mechanics

1. The state of a system of N particles is fully described by a function
Ψ(r, t) called the wavefunction.

2. For every physical observable A there is an associated operator Â that
acts on the wavefunction and is both linear and hermitian.

3. The only possible result of the measurement of an observable A is one
of the eigenvalues ai of the corresponding operator Â.

4. For a state |Ψ〉 =
∑

i ci |ai 〉, the probability that a measurment of
observable A returns eigenvalue ai is |ci |2.

5. Immediately after the measurement of an observable A has yielded a
value ai , the state of the system is the normalized eigenstate |ai 〉.

6. The evolution of Ψ(r, t) with time t is governed by Schrödinger’s
equation i~ ∂

∂t |Ψ〉 = Ĥ|Ψ〉.
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The free particle

System: A particle of mass m moving in 1-d, free from external forces

Hamiltonian: Ĥ = T̂ + V̂ T̂ = − ~2

2m

∂2

∂x2
V̂ = 0

Schrödinger equation

− ~2

2m

∂2

∂x2
Ψ(x) = EΨ(x)

General solution for energy eigenstates

Ψ(x) = Ae i
√
2mEx/~ + Be−i

√
2mEx/~

There is an alternative route to the solution that is more instructive
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The free particle

Notice that momentum operator and the Hamiltonian operator commute

[Ĥ, p̂x ] =
p̂2x
2m

p̂x − p̂x
p̂2x
2m

= 0

Eigenfunctions of the momentum operator are also eigenfunctions of
the Hamiltonian operator with eigenvalues E = p2x/2m

p̂x |px〉 = px |px〉 −→ Ĥ|px〉 =
p̂2x
2m
|px〉 =

p2x
2m
|px〉

There are two momentum states with the same energy: |+px〉 and |−px〉
Any superposition is an eigenfunction of Ĥ with eigenvalue E = p2x/2m.

Ψ(x) =
c1√
2π~

e ipxx/~ +
c2√
2π~

e−ipxx/~

|+px〉 and |−px〉 interfere to give a sinusoidal probability distribution.
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p̂2x
2m
|px〉 =

p2x
2m
|px〉

There are two momentum states with the same energy: |+px〉 and |−px〉
Any superposition is an eigenfunction of Ĥ with eigenvalue E = p2x/2m.
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Particle on a ring

Example of a system with angular momentum
A particle of mass m that moves around a ring

Angular momenetum lz , moment of inertia I = mr2

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>
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= −~2
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∂2

∂φ2

Notice that [Ĥ, l̂z ] = 0 −→ look for eigenstates of l̂z

−i~ ∂

∂φ
Ψm(φ) = lmΨm(φ)

Analogous to eigenstates of linear momentum

Ψm(φ) =
1√
2π

e ilmφ/~
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Particle on a ring

Example of a system with angular momentum
A particle of mass m that moves around a ring

Angular momenetum lz , moment of inertia I = mr2
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Notice that [Ĥ, l̂z ] = 0 −→ look for eigenstates of l̂z

−i~ ∂

∂φ
Ψm(φ) = lmΨm(φ)

Analogous to eigenstates of linear momentum

Ψm(φ) =
1√
2π

e ilmφ/~

David Tew (University of Oxford) Quantum Mechanics October 26, 2022 35 / 46



Particle on a ring

l̂z |m〉 = lm|m〉

Ψm(φ) =
1√
2π

e ilmφ/~
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= 2πm

|m〉 has definite angular momentum ~m and definite energy
m2~2

2I

m = ±2 Particle has ±2~ angular momentum E±2 = 4~2/2I

m = ±1 Particle has ±~ angular momentum E±1 = ~2/2I

m = 0 Particle has no angular momentum E0 = 0

Ĥ(c1|+m〉+ c2|−m〉) =
m2~2

2I
(c1|+m〉+ c2|−m〉)
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The Postulates of Quantum Mechanics

1. The state of a system of N particles is fully described by a function
Ψ(r, t) called the wavefunction.

2. For every physical observable A there is an associated operator Â that
acts on the wavefunction and is both linear and hermitian.

3. The only possible result of the measurement of an observable A is one
of the eigenvalues ai of the corresponding operator Â.

4. For a state |Ψ〉 =
∑

i ci |ai 〉, the probability that a measurment of
observable A returns eigenvalue ai is |ci |2.

5. Immediately after the measurement of an observable A has yielded a
value ai , the state of the system is the normalized eigenstate |ai 〉.

6. The evolution of Ψ(r, t) with time t is governed by Schrödinger’s
equation i~ ∂

∂t |Ψ〉 = Ĥ|Ψ〉.
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Key equations
The quantum state is a linear superposition |Ψ〉 =

∫
|x〉Ψ(x) =

∑
i

|ai 〉cai

States of definite observable A = ai are eigenfunctions Â|ai 〉 = ai |ai 〉

The expectation value of A is 〈Ψ|Â|Ψ〉 =

∫
Ψ(x)∗ÂΨ(x) dV =

∑
i

ai |cai |2

Uncertainty ∆A =
√
〈A2〉 − 〈A〉2.

States can only have definite values of A and B simultaneously if the operators
commute [Â, B̂] = 0. In general ∆A∆B ≥ 1

2 |〈[Â, B̂]〉|.
The operators for position, momentum and energy are

x̂ = x p̂ = −i~∇̂ Ê = i~
∂

∂t
and Ê = Ĥ = T̂ + V̂

Schrödinger’s wave equation for time evolution of the quantum state

i~
∂

∂t
Ψ(x, t) = ĤΨ(x, t)

Eigenstates of the Hamiltonian have definite energy and are stationary states.

ĤΨi (x) = EiΨi (x)
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Particle in a 1-d box

A particle of mass m free to move in a 1-d box

Ĥ = − ~2

2m

∂2

∂x2
+ V (x) V (x) =

{
0 0 < x < L
∞ else

Outside the box Ψ(x) = 0 for x ≤ 0 , x ≥ L
Inside the box

− ~2

2m

∂2

∂x2
Ψ(x) = EΨ(x)

Has solutions

Ψ(x) = Ae i
√
2mEx/~ + Be−i

√
2mEx/~

= (A + B) cos(
√

2mEx/~) + i(A− B) sin(
√

2mEx/~)

Continuous Ψ(x) −→ A = −B and
√

2mEL/~ = nπ n = 1, 2, . . .
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Particle in a 1-d box

This is an example where energy is quantised

Def. Quantisation refers to the instance when the allowed values
that a physical observable can take become discrete
(quantised), rather than continuous.

Solutions:

Ψn(x) =

√
2

L
sin(

nπx

L
)

En =
n2h2

8mL2

n = 1, 2, . . .
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<latexit sha1_base64="FzwQEULHj16Rp2C3R7Sy5Q/v4NE=">AAAB8nicbVBNT8JAEJ3iF+IX6tFLIzHBC2kJUY9ELx4xkY+kVLJdtrBhu9vsbo2k8DO8eNAYr/4ab/4bF+hBwZdM8vLeTGbmBTGjSjvOt5VbW9/Y3MpvF3Z29/YPiodHLSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDPz249EKir4vR7HxI/QgNOQYqSN5E26DUXLT+eTh2qvWHIqzhz2KnEzUoIMjV7xq9sXOIkI15ghpTzXibWfIqkpZmRa6CaKxAiP0IB4hnIUEeWn85On9plR+nYopCmu7bn6eyJFkVLjKDCdEdJDtezNxP88L9HhlZ9SHieacLxYFCbM1sKe/W/3qSRYs7EhCEtqbrXxEEmEtUmpYEJwl19eJa1qxb2o1O5qpfp1FkceTuAUyuDCJdThFhrQBAwCnuEV3ixtvVjv1seiNWdlM8fwB9bnD45+kMo=</latexit>

| (x)|2

Ground state Ψ1(x) has non-zero energy E1 =
h2

8mL2
: zero point energy
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Particle in a 1-d box

Energy eigenstates:

Ψn(x) =

√
2

L
sin(

nπx

L
)

En =
n2h2

8mL2

n = 1, 2, . . .

<latexit sha1_base64="glQqf03ouomSElbpUswPOTvmnrI=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMlKLdCEURXLioYFuhHYdMmmlDk8yQZIQyzMZfceNCEbd+hjv/xrSdhbYeuNzDOfeS3BPEjCrtON9WYWl5ZXWtuF7a2Nza3rF399oqSiQmLRyxSN4HSBFGBWlpqhm5jyVBPGCkE4wuJ37nkUhFI3GnxzHxOBoIGlKMtJF8++DKd+E57IUS4XT4UM3SOr8xzbfLTsWZAi4SNydlkKPp21+9foQTToTGDCnVdZ1YeymSmmJGslIvUSRGeIQGpGuoQJwoL50ekMFjo/RhGElTQsOp+nsjRVypMQ/MJEd6qOa9ifif1010WPdSKuJEE4FnD4UJgzqCkzRgn0qCNRsbgrCk5q8QD5HJQpvMSiYEd/7kRdKuVtzTSu22Vm5c5HEUwSE4AifABWegAa5BE7QABhl4Bq/gzXqyXqx362M2WrDynX3wB9bnD9SHlU0=</latexit>

E1 =
h2

8mL2

<latexit sha1_base64="nfmEdIgZ494TuJLNLrJ0wcO5Gb0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZUrQboSiCCxcV7APaccikmTY0yQxJRihD3fgrblwo4ta/cOffmLaz0NYDl3s4516Se4KYUaUd59vKLS2vrK7l1wsbm1vbO/buXlNFicSkgSMWyXaAFGFUkIammpF2LAniASOtYHg58VsPRCoaiTs9ionHUV/QkGKkjeTbB1d+GZ7DbigRTiuD+/I4rfIb03y76JScKeAicTNSBBnqvv3V7UU44URozJBSHdeJtZciqSlmZFzoJorECA9Rn3QMFYgT5aXTC8bw2Cg9GEbSlNBwqv7eSBFXasQDM8mRHqh5byL+53USHVa9lIo40UTg2UNhwqCO4CQO2KOSYM1GhiAsqfkrxANkwtAmtIIJwZ0/eZE0yyX3tFS5rRRrF1kceXAIjsAJcMEZqIFrUAcNgMEjeAav4M16sl6sd+tjNpqzsp198AfW5w9QL5WM</latexit>

E2 =
4h2

8mL2

<latexit sha1_base64="AUHjaaMJUYxIFPoHYbYmJyD+ZJg=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZWrQuhKIILlxUsA9ox5JJM21okhmSjFCGuvFX3LhQxK1/4c6/MW1noa0HLvdwzr0k9/gRo0o7zreVWVhcWl7JrubW1jc2t+ztnboKY4lJDYcslE0fKcKoIDVNNSPNSBLEfUYa/uBy7DceiFQ0FHd6GBGPo56gAcVIG6lj7111juE5bAcS4eSsf18cJWV+Y1rHzjsFZwI4T9yU5EGKasf+andDHHMiNGZIqZbrRNpLkNQUMzLKtWNFIoQHqEdahgrEifKSyQUjeGiULgxCaUpoOFF/bySIKzXkvpnkSPfVrDcW//NasQ7KXkJFFGsi8PShIGZQh3AcB+xSSbBmQ0MQltT8FeI+MmFoE1rOhODOnjxP6sWCe1Io3ZbylYs0jizYBwfgCLjgFFTANaiCGsDgETyDV/BmPVkv1rv1MR3NWOnOLvgD6/MHWZOVkg==</latexit>

E3 =
9h2

8mL2

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="EsUXQCVtBq4y73jg2L4sJIh3P3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCmd4zZ</latexit>

L
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="IzAZYkEDkpRfqsISJdeoEgU9MNk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMju7zPSKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rUeujYjVA44T7kd0oEQoGEUrtbp1I8pP571iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzslZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGa/k77QnKEcW0KZFvZWwoZUU4Y2oYINwVt+eZU0LyreZaV6Xy3VbrI48nACp1AGD66gBndQhwYwGMEzvMKbkzgvzrvzsWjNOdnMMfyB8/kDm0SPGg==</latexit>

 (x)
<latexit sha1_base64="FzwQEULHj16Rp2C3R7Sy5Q/v4NE=">AAAB8nicbVBNT8JAEJ3iF+IX6tFLIzHBC2kJUY9ELx4xkY+kVLJdtrBhu9vsbo2k8DO8eNAYr/4ab/4bF+hBwZdM8vLeTGbmBTGjSjvOt5VbW9/Y3MpvF3Z29/YPiodHLSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDPz249EKir4vR7HxI/QgNOQYqSN5E26DUXLT+eTh2qvWHIqzhz2KnEzUoIMjV7xq9sXOIkI15ghpTzXibWfIqkpZmRa6CaKxAiP0IB4hnIUEeWn85On9plR+nYopCmu7bn6eyJFkVLjKDCdEdJDtezNxP88L9HhlZ9SHieacLxYFCbM1sKe/W/3qSRYs7EhCEtqbrXxEEmEtUmpYEJwl19eJa1qxb2o1O5qpfp1FkceTuAUyuDCJdThFhrQBAwCnuEV3ixtvVjv1seiNWdlM8fwB9bnD45+kMo=</latexit>

| (x)|2

Questions:

What is 〈n|x̂ |n〉?
What is 〈n|p̂|n〉?
What is ∆x∆p for n = 1?
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Free particle in 3-d
Let’s consider a particle of mass m free to move in 3-d

− ~2

2m

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
Ψ(x , y , z) = EΨ(x , y , z)

Since there is no coupling between x , y , z , the equation factorises(
T̂x + T̂y + T̂z

)
Ψx(x)Ψy (y)Ψz(z) =

(
Ex + Ey + Ez

)
Ψx(x)Ψy (y)Ψz(z)

Each of Ψx(x),Ψy (y),Ψz(z) obey a 1-d equation T̂xΨx(x) = ExΨx(x)

Ψx(x) =
c1√
2π~

e ipxx/~ +
c1√
2π~

e−ipxx/~ , Ex =
p2x
2m

We can write a solution in terms of x = (x , y , z) and p = (px , py , pz)

Ψ(x) =

(
1

2π~

)3/2

e ip·x/~ E =
p2

2m
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Free particle in 3-d
Let’s consider a particle of mass m free to move in 3-d

− ~2

2m

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
Ψ(x , y , z) = EΨ(x , y , z)

Since there is no coupling between x , y , z , the equation factorises(
T̂x + T̂y + T̂z

)
Ψx(x)Ψy (y)Ψz(z) =

(
Ex + Ey + Ez

)
Ψx(x)Ψy (y)Ψz(z)

Each of Ψx(x),Ψy (y),Ψz(z) obey a 1-d equation T̂xΨx(x) = ExΨx(x)

Ψx(x) =
c1√
2π~

e ipxx/~ +
c1√
2π~

e−ipxx/~ , Ex =
p2x
2m

We can write a solution in terms of x = (x , y , z) and p = (px , py , pz)

Ψ(x) =

(
1

2π~

)3/2

e ip·x/~ E =
p2

2m
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Particle in a 2-d box

The Hamiltonian for a particle in a 2-d box factorises. This is because the
potential for the box is separable V (x , y) = V (x) + V (y)

V (x) =

{
0 0 < x < L
∞ else

V (y) =

{
0 0 < y < L
∞ else

So we have(
Ĥx + Ĥy

)
Ψn(x)Ψm(y) =

(
En + Em

)
Ψn(x)Ψm(y)

The solutions are quantised with quantum number n in x and m in y

Ĥ|nm〉 = Enm|nm〉 ; |nm〉 =
2

L
sin(

nπx

L
) sin(

mπy

L
)

n,m = 1, 2, . . . Enm =
(n2 + m2)h2

8mL2

The zero point energy is the sum of the x and y contributions E11 =
2h2

8mL2
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Two particles in a 1-d box

The state of the system |Ψ〉 is described by joint probability distributions
Px(x1, x2), Pp(p1, p2).

The wavefunction is the probability amplitude

|Ψ〉 =

∫ ∫
|x1〉|x2〉Ψ(x1, x2) dx1dx2

Where |Ψ(x1, x2)|2dx1dx2 is the probability of finding particle 1 within
x1 and x1 + dx1 at the same time as particle 2 within x2 and x2 + dx2

The total energy operator is Ĥ = T̂1 + T̂2 + V̂1 + V̂2 + V̂12

Kinetic energy of each particle T1 + T2

Potential energy of each particle due to any external forces V1 + V2

Potential energy of interaction V12
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Two non-interacting particles in a 1-d box

If there is no interaction, then the Hamiltonian for 2 particles in box
factorises in a simlar way to the 1 particle in a 2-d box example(

Ĥ1 + Ĥ2

)
Ψn1(x1)Ψn2(x2) =

(
En1 + En2

)
Ψn1(x1)Ψn2(x2)

The solutions are quantised with quantum number n1 in x1 and n2 in x2

Ĥ|n1n2〉 = En1n2 |n1n2〉 ; |n1n2〉 =
2

L
sin(

n1πx1
L

) sin(
n2πx2
L

)

n1, n2 = 1, 2, . . . En1n2 =
(n21 + n22)h2

8mL2

The zero point energy is the sum of the x1 and x2 contributions

E11 =
2h2

8mL2
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Constants of motion
A quantum state evolves forwards in time according to

i~
∂

∂t
|Ψ(t)〉 = Ĥ|Ψ(t)〉

A general state |Ψ(t)〉 is not an energy eigenstate, so the probability
distributions are time dependent. What is the time dependence of 〈A〉?

d

dt
〈A〉 =

i

~
〈[Ĥ, Â]〉

If [Ĥ, Â] = 0 then A is a constant of the motion

d

dt
〈Ψ|Â|Ψ〉 = 〈∂Ψ

∂t
|Â|Ψ〉+ 〈Ψ|Â|∂Ψ

∂t
〉

=
i

~
〈Ψ|ĤÂ|Ψ〉 − i

~
〈Ψ|ÂĤ|Ψ〉

=
i

~
〈[Ĥ, Â]〉
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